Abstract. In general, the existence of a maximal green sequence is not mutation invariant. In this paper we show that it is in fact mutation invariant for cluster quivers of finite mutation type. In particular, we show that a mutation finite cluster quiver has a maximal green sequence unless it arises from a once-punctured closed marked surface, or one of the two quivers in the mutation class of X 7 . We develop a procedure to explicitly find maximal green sequences for cluster quivers associated to arbitrary triangulations of closed marked surfaces with at least two punctures. As a corollary, it follows that any triangulation of a marked surface with boundary has a maximal green sequence. We also compute explicit maximal green sequences for exceptional quivers of finite mutation type.
Introduction
Cluster algebras were introduced by Fomin and Zelevinsky in [16] . Cluster algebras have become an important tool in the study of many areas of mathematics and mathematical physics. They play a role in the study of Teichmüller theory, canonical bases, total positivity, Poisson-Lie groups, Calabi-Yau algebras, noncommutative Donaldson-Thomas invariants, scattering amplitudes, and representations of finite dimensional algebras.
One very important property of a quiver associated to a cluster algebra is whether or not it has a maximal green sequence. Quiver mutation is a transformation of a quiver, determined by a choice of a vertex of the quiver, into a new quiver. A maximal green sequence is a certain sequence of quiver mutations given by a sequence of vertices of the quiver. The idea of maximal green sequences of cluster mutations was introduced by Keller in [20] . He explored quantum dilogarithm identities by utilizing these sequences in the explicit computation of noncommutative Donaldson-Thomas invariants of quivers which were introduced by Kontsevich and Soibelman in [21] . If a quiver with potential has a maximal green sequence, then its associated Jacobi algebra is finite dimensional [3, 19] . In [2] an explicit construction of a cluster category from a quiver with potential whose Jacobian algebra is finite dimensional is given.
The first result in this paper focuses on the existence of maximal green sequences for quivers that are associated to triangulations of surfaces. Theorem 1.1. Suppose that a marked surface Σ is not once-punctured and closed, that is, Σ is (A) of genus at least one with at least two punctures; (B) of genus zero with at least four punctures; (C) or of arbitrary genus with at least one boundary component.
Then for any triangulation of Σ there exists a maximal green sequence for the associated quiver.
The proof of Theorem 1.1 for (A) and (B) is an explicit construction of maximal green sequences for these surfaces. The construction is given in Section 5. The proof for (C) follows from the previous cases together with a theorem of Muller that we recall here as Theorem 6.2. The author had originally provided a construction for the case of higher genus surfaces and discussed surfaces with boundary in an extended abstract [23] . The construction given in this paper is a refinement of the one given there that also applies to punctured spheres. This construction of maximal green sequences requires many choices so we in fact get many different maximal green sequences for these quivers. It follows from the work of Keller [20] that our work here provides many quantum dilogorithm identities.
It is straightforward from the definition of quiver mutation (formally stated in Definition 2.2) that mutation imposes an equivalence relation on the set of all quivers. For a quiver Q we let Mut(Q) denote the equivalence class of Q under this relation.
Muller showed that in general the existence of a maximal green sequence is not mutation invariant [25] . It is already known that every quiver of type A, D, and E has a maximal green sequence [3] . It was shown by Ladkani that quivers associated to once-punctured closed surfaces of genus at least one do not admit maximal green sequences [22] . The existence of maximal green sequences for specific triangulations of various marked surfaces has been shown in many papers [1, 6, 7] . In [17] Garver and Musiker give a combinatorial approach to construct maximal green sequences for type A quivers, which are exactly the quivers associated to triangulations of unpunctured disks. Cormier et al., give an explicit construction of minimal length maximal green sequences for this case in [9] .
In [4] Brüstle, Hermes, Igusa, and Todorov use semi-invariants to prove two conjectures about maximal green sequences. One particularly usefull result from this paper is the Rotation Lemma ( [4, Theorem 3] ). In part, it shows that if a maximal green sequence for a quiver Q first mutates vertex k, then the quiver obtained from mutating Q at k also has a maximal green sequence. Repeated application of this result then shows that any intermediate quiver in a maximal green sequence has a maximal green sequence. The Rotation Lemma gives the existence of a maximal green sequence for many quivers in a mutation class, but does not prove Theorem 1.1.
A quiver Q is said to be of finite mutation type if Mut(Q) is finite. It is known that all finite mutation type quivers arise from triangulations of surfaces except for the rank 2 case and 11 exceptional cases [11] . These 11 cases are
, X 6 , and X 7 . Among these exceptional cases it has been shown that there exists a quiver with a maximal green sequence for all but X 7 [1] . It was shown in [26] that neither of the two quivers in the mutation class of X 7 have a maximal green sequence. All rank 2 cluster algebras have a maximal green sequence given by first mutating at the source vertex and then mutating at the other vertex.
We use the cluster algebra package in the computer program Sage to produce an explicit maximal green sequence for every quiver in the outstanding exceptional cases to obtain our second result. Theorem 1.2 (Theorem 7.3). If Q is a quiver in the mutation class of E 6 , E
(1,1) 8 , or X 6 , then Q has a maximal green sequence.
It is already known that every quiver in the mutation class of E 6 , E 7 , and E 8 have maximal green sequences by [3] . By combining previous results with Theorem 1.1 and Theorem 1.2 we have a complete classification of which quivers of finite mutation have a maximal green sequence. Furthermore, we have shown that the existence of a maximal green sequence is mutation-invariant for quivers of finite mutation type. Theorem 1.3 (Theorem 7.4). Let Q be a quiver of finite mutation type, then a maximal green sequence exists for every quiver in Mut(Q), or there is no maximal green sequence for any quiver in Mut(Q). In particular, Q has a maximal green sequence unless it arises from a triangulation of a once-punctured closed surface, or is one of the two quivers in the mutation class of X 7 .
The existence of a maximal green sequence for a quiver also seems to be related to whether the cluster algebra A it generates is equal to its upper cluster algebra U. Gross, Hacking, Keel and Kontsevich showed that if A = U and a maximal green sequence exists, then the Fock-Goncharov canonical basis conjecture holds [18] . It is still unknown as to whether or not A = U for closed higher genus surfaces with at least two punctures and punctured closed spheres. For all other quivers of finite mutation type it is known that A = U if and only if there exists a quiver with a maximal green sequence. See [8] and references therein for more information on when A = U.
In Section 2 we give background on quivers and maximal green sequences. In Section 3 we give background on marked surfaces and their triangulations. In Section 4 we discuss two mutation sequences that are used in Section 5, where we give the construction for maximal green sequences for closed surfaces. In Section 6 we prove the existence of maximal green sequences for surfaces with boundary. We then discuss the maximal green sequences for exceptional cases in Section 7.
Quivers and maximal green sequences
We recall the definitions from [19] , but use the conventions given in [3] . Definition 2.1. A (cluster) quiver is a directed graph with no loops or 2-cycles. An ice quiver is a pair (Q, F ) where Q is a quiver and F is a subset of the vertices of Q called frozen vertices; such that there are no edges between frozen vertices. If a vertex of Q is not frozen it is called mutable. For convenience, we assume that the mutable vertices are labelled {1, . . . , n}, and frozen vertices are labeld by {n + 1, . . . , n + m}. Definition 2.2. Let (Q, F ) be an ice quiver, and k a mutable vertex of Q. The mutation of (Q, F ) at vertex k is denoted by µ k , and is a transformation (Q, F ) to a new ice quiver (µ k (Q), F ) that has the same vertices, but making the following adjustment to the edges:
(1) For every 2-path i → k → j, add a new arrow i → j.
(2) Reverse the direction of all arrows incident to k. (3) Delete any 2-cycles created during the first two steps, and any arrows between frozen vertices.
Mutation at a vertex is an involution, and an equivalence relation. We define Mut(Q) to be the equivalence class of all quivers that can be obtained from Q by a sequence of mutations.
Definition 2.3. Let Q 0 be the set of vertices of Q. The framed quiver associated with a quiver Q is the ice quiver (Q, Q ′ 0 ) such that:
Since the frozen vertices of the framed quiver are so natural we will simplify the notation and just writeQ. Now we must discuss what is meant by red and green vertices.
It is not clear from the definition that every mutable vertex in R 0 is either red or green. In the case of quivers this result is due to [10] and then it was also shown in a more general setting in [18] .
Theorem 2.5. [10, 18] Let R ∈ Mut(Q). Then every mutable vertex in R 0 is either red or green. Definition 2.6. A green sequence for Q is a sequence i = (i 1 , . . . , i l ) ⊂ Q 0 such that i 1 is green inQ and for any 2 ≤ k ≤ l, the vertex i k is green in
Marked surfaces and their triangulations
To begin the section we recall the definition of a marked surface given in [14] . Let S be an orientable 2-dimensional Riemann surface with or without boundary. We designate a finite number of points, M, in the closure of S as marked points. We require at least one marked point on each boundary component. We call marked points in the interior of
, and the corresponding quiver Q T 1 (right).
S punctures. Together the pair Σ = (S, M) is called a marked surface. For technical reasons we exclude the cases when Σ is one of the following:
• a sphere with less than four punctures;
• an unpunctured or once punctured monogon;
• an unpunctured digon; or • an unpunctured triangle.
Note that the construction allows for spheres with four or more punctures.
Up to homeomorphism a marked surface is determined by four things. The first is the genus g of the surface. The second is the number of boundary components b of S. The third is the number of punctures p in M, and the fourth is the set m = {m i } b i=1 where m i ∈ Z >0 denotes the number of marked points on the ith boundary component of S. We say a marked surface is closed if it has no boundary. Definition 3.1. An arc γ in (S, M) is a curve in S such that:
• The endpoints of γ are in M.
• γ does not intersect itself, except that its endpoints may coincide.
• γ is disjoint from M and the boundary of S, except at its endpoints.
• γ is not isotopic to the boundary, or the identity.
An arc is called a loop if its two endpoints coincide.
Each arc is considered up to isotopy. Two arcs are called compatible if there exists two arcs in their respective isotopy classes that do not intersect in the interior of S. Definition 3.2. A taggd arc is constructed by taking an arc that does not cut out a once-punctured monogon and marking or "tagging" its ends as either plain or notched so that:
• an endpoint lying on the boundary of S is tagged plain; and • both ends of a loop must be tagged in the same way.
We use a ⊲⊳ to denote the tagging of an arc in figures. Two tagged arcs are considered compatible if:
The puncture P is a radial puncture. Figure 3 . A special situation in the construction of a quiver from the triangulation given in Figurex2.
• Their underlying untagged arcs are the same, and their tagging agrees on exactly one endpoint.
• Their underlying untagged arcs are distinct and compatible, and any shared endpoints have the same tagging.
A maximal collection of pairwise compatible tagged arcs is called a (tagged) triangulation of (S, M).
Definition 3.3. We call a puncture P a radial puncture in a tagged triangulation if and only if P is the unique puncture in the interior of a digon and there exists two arcs in the interior of this digon that differ only by their tagging at P . See Figure 2 .
Definition 3.4. Let T be a triangulation of a marked surface. The quiver associated to T , which we will denote as Q T , is the quiver obtained from the following construction. For each arc α in a triangulation T add a vertex v α to Q T . If α i and α j are two edges of a triangle in T with α j following α i in a clockwise order, then add an edge to Q T from v α i → v α j . If α k and α j have the same underlying untagged arc as in Figure 2 we refer you to Figure 3 for the construction in this situation. Note that the quiver is the same whether α j or α k is tagged. More generally distinct triangulations may yield the same quiver.
We now define the analog of quiver mutation for triangulations of a marked surface.
Definition 3.5.
A flip is a transformation of a triangulation that removes an arc γ and replaces it with a (unique) different arc γ ′ that, together with the remaining arcs, forms a α α ℓ ℓ Figure 4 . On the left, the curve ℓ ∈ L contributes a +1 to the shear coordinate for α. On the right, ℓ contributes a -1. We have made the arcs that intersect ℓ bold to emphasize the "S" and "Z" shapes.
new triangulation T ′ . In this case we define µ γ (T ) = T ′ . This makes sense by the following lemma. 
In Sections 4 and 5 we will exclusively refer to a flip of an arc in a triangulation as a mutation.
Thurston's theory of laminations and shear coordinates provide a way to introduce frozen vertices in the geometric setting. • a closed curve;
• a curve connecting two unmarked points on the boundary of S; • a curve starting at an unmarked point on the boundary, and at its other end spiraling into a puncture (either clockwise or counter clockwise); • a curve whose ends both spiral into punctures (not necessarily distinct).
We forbid any curves that bound an unpunctured or once-punctured disk, curves with two endpoints on the boundary which are isotopic to a piece of boundary containing zero or one marked points, and a curve with two ends spiraling into the same puncture in the same direction without enclosing anything else.
Definition 3.8. [15, Definition 12.2,13.1] Let L be a lamination, and let T be a triangulation without any arcs that are notched. Note that this requires that there are no radial punctures in T . For each α ∈ T , the corresponding shear coordinate of L with respect to T denoted b α (T, L), is defined as a sum of contributions from all intersections of curves in L with α. An intersection contributes a +1 (resp., -1) to b α (T, L) if the corresponding segment of a curve in L cuts through the quadrilateral surrounding α cutting through the edges in the shape of an "S" (resp., in the shape of a "Z"), as in Figure 4 . See Figure 4 . Note that at most one of these two types of intersections can occur and b α (T, L) is always finite.
For a triangulation T that contains notched arcs the shear coordinates are uniquely defined by the following rules:
(1) Suppose that tagged triangulations T 1 and T 2 coincide except that at a particular puncture P , the tags of the arcs in T 1 are all different from the tags of their counterparts in T 2 . Suppose that laminations L 1 and L 2 coincide except that each curve in L 1 that spirals into P has been replaced in L 2 by a curve that spirals in the opposite direction. Then
we can convert any triangulation into a triangulation T that does not contain any notches except possibly at radial punctures. If α ∈ T is not notched at any puncture, then we define b α (T, L) as above for the underlying plain arc.
If α ∈ T is the arc incident to a radial puncture with different taggings at its endpoints, then we apply the tag-changing transformation in rule (1) to the radial puncture and then use rule (2) to compute b α (T, L).
Note that the quiver constructed from a triangulation in Definition 3.4 does not include any frozen vertices. We can use laminations and shear coordinates to extend Theorem 3.6 to show that the flips in triangulations of surfaces together with laminations agree with mutations of ice quivers. . We define an ice quiver ( Q T , F L ) where
and the edges of Q T are the edges of Q T together with b α i (T, L j ) edges i → j for all i = 1, . . . , n and j = n + 1, . . . , m. Note that a negative value for 
Definition 3.11. Let α be a tagged arc of a marked surface. Denote by L α a lamination consisting of a single curve defined as follows. The curve L α runs along α within a small neighborhood of it. If α has an endpoint a on a component C of the boundary of S, then L α begins at a point a ′ ∈ C located near a in the clockwise direction, and proceeds along α. If α has an endpoint at a puncture, then L α spirals into a: clockwise if α is tagged plain at a, and counterclockwise if it is notched. We call L α the elementary lamination associated to α.
Note that for any arc α in a triangulation T, L α is the unique lamination such that
If we fix the multi-lamination L = {L α |α ∈ T } then the ice quiver Q T is identical to the framed quiver Q T .
Remark 3.12. The elementary laminations defined in Definition 3.11 are not the same elementary laminations given in [15] . There L α is the unique lamination that contributes a +1 to b α (T, L) and 0 for all other arcs.
We now give the geometric characterization for what it means for an arc to be green or red.
Definition 3.13. Let T be a triangulation of a marked surface. Fix the multi-lamination L = {L α } α∈T where L α is the elementary lamination associated to α. Let T ′ be a triangulation obtained from T by some finite sequence of flips. Then α ′ ∈ T ′ is said to be green if
It follows from Lemma 3.10 that an arc α ′ ∈ T ′ is green (resp., red) in the sense of Definition 3.13 if and only if its corresponding vertex in ( Q T ′ , F L ) is green (resp., red) in the sense of Definition 2.4.
We also provide one more lemma about green sequences that we will use in the sequel. Lemma 3.14. Let Q be a quiver and i a vertex in Q. If there exists a frozen vertex j ′ such that there is exactly one arrow incident to j ′ and it points at i, then i is red and will never be mutated at in any green sequence for Q.
Proof. Since j ′ is a frozen vertex pointing at i, we have that i is not green and by Theorem 2.5 it must be red and therefore cannot be mutated at in a green sequence. Mutating at any vertex other than i in the quiver will not affect the edge j ′ → i, so this edge will persist through any mutation sequence and i will always be red.
Translating this lemma into the language of laminations, it says that if there exists an arc α and a lamination L such that
then α will be red in any green mutation sequence for T .
Cycle Lemma and Independent mutation sequence
In any triangulation with at least three distinct arcs (none of which are loops) incident to a puncture, these arcs form an oriented cycle in the corresponding quiver. The mutation sequences given in this paper make use of the following maximal green sequence for oriented cycles.
Definition 4.1. Let i and j be vertices of a quiver Q. Suppose µ is some mutation sequence for Q. Let µ(Q) denote the quiver µ(Q) with the relabelling of the vertices that fixes the label on vertex k if k = i, j; but relabels i as j and vice versa. We say that µ interchanges i and j if Q = µ(Q).
Lemma 4.2 (Cycle Lemma). [6, Lemma 4.2]
Let C be a quiver that is an oriented n-cycle with vertices labeled 1, . . . , n, and edges i → (i − 1) for 2 ≤ i ≤ n and 1 → n. Define the mutation sequence µ cycle := (n, n − 1 . . . , 2, 1, 3, 4, . . . , , n − 1, n). Then µ cycle is a maximal green sequence for C that interchanges 1 and 2.
It is helpful in the next section to understand how the Cycle Lemma affects triangulations.
Lemma 4.3. Let T be a triangulation of a marked surface. Suppose that a puncture P is incident to at least three distinct arcs, none of which are loops, so these arcs correspond to an oriented cycle in Q T . Let µ P cycle be the mutation sequence from Lemma 4.2 for this oriented cycle. Then µ P cycle (T ) coincides with T (up to relabelling of arcs) except all of the taggings of the arcs at P differ.
Proof. Let P and T be as above. Without loss of generality we assume that all of the arcs incident to P are tagged plain. Suppose µ P cycle = (α n , . . . , α 2 , α 1 , α 3 , . . . , α n ). Let λ = (α n , . . . , α 3 ) be the first part of µ P cycle . Note that in µ α 2 λ(T ) we have that P is a radial puncture incident to α 1 and α 2 , with α 2 notched at P . Now when we mutate α 1 it will again be incident to P and must be tagged at P by the compatibility rules for tagged arcs. Furthermore, the triangulation µ α 1 µ α 2 λ(T ) is identical to λ(T ) except that α 1 and α 2 are now notched at P . It follows then that the rest of µ P cycle mutates all the other arcs back into place, but by the compatibility rules for tagged arcs they must all be notched at P .
In the degenerate case when there are exactly two arcs incident to a puncture P , the corresponding vertices in the quiver are not connected by an edge. If P is not a radial puncture then we define µ P cycle := (1, 2) and note that the result of Lemma 4.3 still applies in this case.
4.1. Independent mutation sequence. Brústle and Qiu showed that it is necessary that a maximal green sequence for a triangulation of a surface with punctures must change the tagging at every puncture [5] . One might hope that we could apply µ cycle to every puncture of a closed marked surface to obtain a maximal green sequence, but that is not the case.
The two issues with this approach are when there are two distinct punctures P and R with an arc between them and loops at punctures. The mutation sequence µ R cycle µ P cycle would not be a green sequence as the arc between P and R will be red in µ P cycle (T ). These problems motivate the following mutation sequence. This sequence mutates us to a triangulation where every puncture in a designated proper subset of punctures will not be the base point of any loops, and will not share an arc with any other puncture in the subset. Then we may proceed to apply the Cycle Lemma to each oriented cycle around each puncture in this subset.
Definition 4.4. Let P and R be two not necessarily distinct punctures of a closed surface with at least two punctures. We say that P is independent of R in T if there is no arc in T with one endpoint at P and the other at R. A set P of marked points is called independent in T if for any two not necessarily distinct points P, R ∈ P we have P is independent of R.
Definition 4.5. Let α be an arc. Let ι(α) denote the underlying untagged arc of α if α is not incident to a radial puncture, or incident to a radial puncture with both endpoints tagged the same way. If α is incident to a radial puncture and its endpoints have different taggings let ι(α) be a loop enclosing the radial puncture based at the other endpoint of α.
Let T be a triangulation of a closed marked surface and P a proper subset of its punctures. Define E P T := {α ∈ T |ι(α) has two endpoints in P}. An independence path for α ∈ E P T is a path from some point x α ∈ α to some puncture not in P, such that the path is disjoint from punctures of P and disjoint from any arcs not contained in E P T . Example 4.6. Consider the triangulation given in Figure 5 . 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18 , α, β}. An independence path for the arc labelled α is shown in the figure in green. Note that the arc β ∈ E P T since ι(β) is a loop based at P 1 enclosing the puncture S. We draw ι(β) on the triangulation in blue.
Lemma 4.7. For any triangulation T , proper subset of punctures P, and any arc α ∈ E P T there exists an independence path for α.
Proof. Let T , P, and α be as above. Note two simple facts about independence paths. First, any arc in E P T that is an edge of a triangle which contains a vertex not in P has an independence path. Second, if one arc in a triangle has an independence path then every other arc in the triangle that is in E P T has an independence path. Now suppose that some arc α ∈ E P T does not have an independence path. Then any arc that shares a triangle with α also does not have an independence path. Continuing inductively, no arc in E P T is an edge of a triangle which has vertex not in P. But since our marked surface is connected this is only possible if T = E P T or rather every puncture is in P. A contradiction to our stipulation that P is a proper subset of punctures. . We can rearrange the order of the arcs in the mutation sequence that take the same value on σ P T to obtain other mutation sequences. Lemma 4.10. The set of punctures P is an independent set in µ P Ind (T ).
Proof. We show the claim by inducting on max{σ P T (α)|α ∈ E P T }. Suppose σ P T takes the value 0 for all arcs in E P T . Let α ∈ E P T . Then σ P T (α) = 0 if and only if α is in a triangle with a vertex not in P, so let R ∈ P be a puncture that is a vertex of a triangle with α as an edge. Since α has both endpoints in P and is contained in a triangle with R the arc obtained from Figure 6 . The different cases that arise in the proof of Lemma 4.12 (1) . The left figure is the triangulation µ(T ), the middle and right triangulations are the two possiblilities for µ β . . . µ α µ(T ). The middle is the case when β is mutated before γ and the right corresponds to when γ is mutated before β.
flipping α will have an endpoint at R so it will not be in
is empty and therefore P must be an independent set, so the claim is true when max{σ
. . , α j ) be the initial part of µ P Ind that runs over all arcs in E P T where σ P T takes value 0. Let χ be the remaining part of µ P Ind so that µ χ µ λ = µ P Ind . Observe that λ cannot be empty since P is a proper subset of punctures of the surface. It follows easily that for any arc α ∈ E P µ λ (T ) we have σ P µ λ (T ) (α) = σ P T (α) − 1 since any independence path for such an arc must have crossed one of the α ℓ in T , but will no longer cross the mutated arc α ′ ℓ in µ λ (T ). Furthermore the arcs of E P µ λ (T ) are indexed by increasing value of σ P µ λ (T ) so µ χ is a sequence that could be constructed in Construction 4.8 so by our inductive hypothesis P is in an independent set of punctures in µ χ (µ λ (T )). But µ χ µ λ = µ P Ind so we have proven the claim. Proof. If µ k is a green mutation then the only vertex that goes from green to red is k, and every arc that is mutated, is mutated exactly once in the sequence. Therefore µ Ind is a green sequence.
Lemma 4.12. Assume there are no radial punctures in P. Suppose µ P Ind = (γ 1 , . . . , γ n ), and each γ i is green in a triangulation T . Note that γ i = γ j for all i = j. Let α = γ j for some j = 1, . . . , n. Let µ = (γ 1 , . . . , γ j−1 ). Let α ′ be the unique new arc obtained from mutating α in µ(T ). By Lemma 4.10 α ′ can have at most one endpoint in P.
(1) If α ′ has exactly one endpoint in P, then α ′ is green in µ P
Ind (T ). (2) If α
′ is not incident to any puncture in P, then α ′ is red in µ P Ind (T ).
Proof. Since the arc α was mutated in µ P Ind it is in E P T and hence has both endpoints in P. Let P, P ′ ∈ P be the endpoints of α. Note that it is possible for P = P ′ .
Suppose that α ′ has one endpoint P ′′ ∈ P and its other endpoint R ∈ P. Then there exists a quadrilateral P P ′′ P ′ R in µ(T ) with diagonals α and α ′ . Let β be the arc counterclockwise from α in the quadrilateral with both endpoints in P. Then β ∈ E P T and β = γ k for some k > j. See the left triangulation in Figure 6 . We will show that when β is mutated during µ P Ind the arc α ′ will turn green. Suppose that L is some lamination with b β (T, L) = −1 and let γ is the third arc of the triangle with edges α and β. Then by our assumption that γ is green L must curve upwards in Figure 6 . It is then easy to see that
. Note that we must check both the case when γ is mutated before β in µ P Ind and the case when β is mutated first. We provide a picture of the triangulation µ β . . . µ α µ(T ) in both cases in Figure 6 . Since α is not mutated again in µ P Ind it will still be green in µ P Ind (T ). Suppose that α ′ is not incident to any puncture in P. Let µ(T ). Let R, R ′ ∈ P be the endpoints of α ′ . Then there exists a quadrilateral P RP ′ R ′ in µ(T ) with diagonals α and α ′ . But notice that each arc composing the boundary of this quadrilateral is not in E P T ′ so none of them will be mutated in the remaining mutations of µ Ind . Therefore if L is some
. Now as none of the arcs in the quadrilateral containing α ′ are mutated after α in µ P Ind the arc α will remain red in µ P Ind (T ).
Construction of maximal green sequences for closed surfaces
Let Σ be a closed marked surface of genus zero with at least four punctures, or a closed marked surface of genus at least one with at at least two punctures. It was shown by Ladkani in [22] that any once-punctured closed surface has no maximal green sequence.
Let T be a triangulation of Σ. We assume for simplicity that all arcs are tagged plain at all punctures except for radial punctures. We may make this assumption because the corresponding quivers of two triangulations that differ only by the tagging at a puncture are isomorphic. For all α ∈ T let α
• denote the elementary lamination associated to α. Fix the multi-lamination L = {α
• } α∈T .
Choose any puncture that is not in the interior of a monogon or a radial puncture and label it X. Let S denote the set of all radial punctures of Σ in T . Let M be the set of all punctures of Σ that are not in S and are not X. We now define a partition on the set M.
Let M 0 be the set of all punctures of M that are not in the interior of any monogon. Define M i+1 to be the punctures of M that (1) are in the interior of a monogon based at a puncture in M i ; (2) but not in the interior of any monogon based at a puncture in M \ i j=0 M j .
Example 5.1. Consider the triangulation T * given in Figure 8 . We choose X to be the puncture in the exterior of the diagram. Then S = {S 1 }, M 0 = {P 1 , P 2 , P 3 , P 4 , P 5 }, and M 1 = {R 1 , R 2 , R 3 }. Figure 7 . The quiver corresponding to the triangulation T * given in Figure 8 .
Our maximal green sequence will initially focus on changing the taggings at the punctures of M and then change the tagging at X. The taggings of punctures of S will be changed during this process.
5.1. Independence of punctures. Note that it is possible for the set M 0 to be empty. If this is the case then we may skip ahead to Subsection 5.4.
In this step we take P = M 0 in Construction 4.8 and apply µ Ind is a green sequence for T by Lemma 4.11. Example 5.2. In the triangulation T * in Figure 8 we have M 0 = {P 1 , P 2 , P 3 , P 4 , P 5 } and it follows that (3, 4, 5, 10, 16, 17, 18, 19, 20, 21, 29) . The order that we mutate the arcs 3, 4, 5, 10, 16, 20, 21, and 29 does not matter, but we will order them by their labels. We adopt this convention in the sequel when we have freedom to do so. See Figure 10 for a picture of the triangulation µ M 0 Ind (T * ). Figure 8 . A triangulation T * of the closed genus two surface with 10 punctures. Its corresponding quiver is shown in Figure 7 . We label the arcs of T by their corresponding vertex in the quiver. The punctures in the interior of the monogn labelled 29 are R 1 , R 2 , and R 3 with R 1 in the 6 o'clock position and the other following counter-clockwise.
Mutating cycles around punctures. Label the punctures
Ind (T ) we have P i is not a radial puncture for i = 1, . . . , t, and P i is a radial puncture for i = t + 1, . . . , n.
Ind (T ) we apply µ P i cycle from Lemma 4.3 to the arcs incident to P i for i = 1, . . . , t. By Lemma 4.10 we have that there are no loops based at each P i and all of these mutation sequences µ P i cycle will be disjoint. We define the sequence Ind (T * ) we have that P 4 and P 5 are radial punctures so we will not mutate any arcs adjacent to them in µ 
5.3.
Mutating back to our initial triangulation. We now apply a slightly modified version of (µ M 0 Ind ) −1 to mutate back to our original triangulation. This modification accounts for the punctures P i ∈ M 0 for i = t + 1, . . . , n, which we did not apply µ cycle in the previous step and arcs that were interchanged during µ M 0 cycle . For each P i ∈ M 0 with i = t + 1, . . . , n, that is each puncture that is a radial puncture in µ
Ind (T ), let α P i be the arc mutated during µ M 0
Ind and β P i the other arc incident to P i . We define a sequence µ (1) We replace α P i with β P i in µ Note that for both α P i and β P i their other endpoint opposite of P i is X, so they were not mutated during µ cycle . Then we have
Therefore at every step of µ M 0 , * Ind we mutate at a green vertex.
It is worthwhile to note that µ
Ind (T ) coincides with our original triangulation except that the taggings at all of the punctures of M 0 are different. This observation gives rise to the fact that any arcs whose endpoints are exclusively punctures of M 0 in µ
Ind (T ) will no longer have to be mutated in our mutation sequence. This also applies for any arcs whose endpoints are a radial puncture in S and a puncture in M 0 .
Lemma 5.6. Any arc with endpoint exclusively in
Ind (T ) is done being mutated.
Proof. Let α be an arc whose endpoints are both in M 0 and let α T denote the arc in T that corresponds to the same vertex of the associated quiver as α. Then
Therefore α is done being mutated by Lemma 3.14.
Lemma 5.7. If α is an arc with one endpoint in M 0 and the other at a puncture of S then α is done being mutated.
Proof. Suppose the end points of α are P ∈ M 0 and S ∈ S. Let β be the unique other arc with endpoints P and S. Then
We now iteratively apply a similar mutation sequence to each set of punctures M i for i ≥ 1.
5.4.
Punctures in the interior of monogons. For i > 0;
Ind be a mutation sequence from Construction 4.8 with P = M i .
• Take µ M i cycle to be the composition of mutation sequences µ P cycle for each cycle around a puncture P ∈ M i , that is not a radial puncture in µ Remark 5.9. As mentioned previously, Ladkani showed that once-punctured closed surfaces do not admit quivers with maximal green sequences. In this case the procedure we describe here reduces to mutating all the loops based at the puncture so they are no longer loops, applying Lemma 4.2, and then mutating the loops back into place. However, our approach fails since every arc in the triangulation is a loop and there is no way to mutate them into arcs that are not loops.
5.5.
Changing the tagging at X. Let T ′ = µ M (T ). Take P = {X} in Construction 4.8 to construct a mutation sequence µ X Ind . Note that this mutation sequence only mutates loops at X and none of these arcs have been mutated yet so they are all green. Therefore µ X Ind is a green sequence for T ′ . We apply a mutation sequence µ X cycle to the arcs incident to X in µ X Ind (T ′ ). This changes the tagging at puncture X. The fact that µ X cycle is a green sequence for µ X Ind (T ′ ) follows from Lemma 4.12.
We also define a mutation sequence µ X, *
Ind in a similar way as we did above. However since X is the only puncture in our independent set we do not create any new radial punctures during µ X Ind . Therefore when constructing µ X, * Ind we only need to apply the modification from above which replaces arcs that were interchanged during µ Ind for µ M (T * ) similar to as we did above. We first make X independent of itself by applying the mutation sequence µ X Ind = (2, 13, 23, 24, 1). Note that 24 is mutated here because ι(24) is a loop based at X. Then we apply the Cycle Lemma to the arcs incident to X to obtain the sequence µ X cycle = (6, 7, 22, 25, 23, 15, 14, 2, 8, 19, 30, 28, 12, 10, 9, 12, 28, 30, 19, 8, 2, 14, 15, 23, 25, 22, 7, 6) . There is no modification to make to (µ Proof. From our work above we have shown that this mutation sequence is a green sequence. It remains to be shown that it is in fact maximal. This follows from the same kind of arguments made at the end of Subsection 5.3 in the proofs of Lemmas 5.6 and 5.7. Figure 9 . A triangulation T * of Σ * = {1, 1, 1, {3}} (left), and the corresponding quiver (right) that we extend to the triangulation in Figure 1 . Note that this quiver is an induced subquiver of the one in Figure 1 .
We have that µ 
Therefore every arc in µ
Existence of maximal green sequences for surfaces with nonempty boundary
We first recall a theorem from Muller and the definition of an induced subquiver.
Definition 6.1. Given a subset V of vertices of a quiver Q, the induced subquiver, is the quiver with vertex set V and edges consisting of the edges between pairs of vertices in V that are in Q. By the previous theorem it suffices to show that the quiver obtained from any triangulation of a surface with boundary is an induced subquiver of a quiver from a closed surface.
Suppose Σ is a marked surface with boundary. We construct a marked surface without boundary Σ by gluing disks to the boundary components of Σ. To be more precise, for each boundary component b i of Σ with m i marked points we glue a disk D i with m i marked points on its boundary and a single puncture if m i = 1 or 2.
If T is a triangulation of Σ we can extend it to a triangulation T of Σ. Let B be a set of arcs of Σ that are isotopic to sections of the boundary component Σ. Then consider the collection of arcs T ∪ B. This is a partial triangulation of the surface Σ. We add more arcs to this collection to obtain a triangulation T of Σ. Furthermore, by deleting vertices corresponding to the arcs of T \ T from Q T we see that resulting quiver is Q T . That is Q T is an induced subquiver of Q T . To summarize we have the following lemma. Lemma 6.3. Let T be any triangulation of Σ. Let Σ be as above. Then the quiver Q T is an induced subquiver of the quiver Q T corresponding to the triangulation T of Σ.
Theorem 6.4. The quiver Q T has a maximal green sequence.
Proof. By Theorem 5.11 Q T has a maximal green sequence and by Lemma 6.3 Q T is an induced subquiver of Q T . Therefore by Theorem 6.2 the quiver Q T has a maximal green sequence.
Exceptional quivers of finite mutation type
Recall, a quiver Q is said to be of finite mutation type if Mut(Q) is finite. Felikson, Shapiro, and Tumarkin showed that every quiver of finite mutation type has rank 2, arises from a triangulation of marked surface, or is in one of 11 exceptional mutation classes [11] . As we mentioned in the introduction every rank 2 quiver has a simple maximal green sequence. The 11 exceptional mutation classes are represented by the quivers E 6 , E 7 , E 8 , E 6 , E 7 , E 8 , E , X 6 , and X 7 .
For four of these cases it is known whether or not these quivers have a maximal green sequence.
Theorem 7.1. [3, Theorem 4.1] Every quiver mutation equivalent to E 6 , E 7 , and E 8 has a maximal green sequence.
Theorem 7.2. [26]
Neither quiver in the mutation class of X 7 has a maximal green sequence.
We used the cluster algebra package in Sage developed by Gregg Musiker and Christian Stump to compute an explicit maximal green sequence for every quiver in the remaining 7 exceptional mutation classes. The maximal green sequences can be found on the authors webpage [24] . Theorem 7.3. If Q is a quiver that is mutation equivalent to E 6 , E 7 , E 8 , E or X 6 , then Q has a maximal green sequence.
Combining Theorems 5.11, 6.4, 7.1, 7.2, and 7.3 and the fact about rank 2 quivers we have a complete classification of all quivers of finite mutation type which have a maximal green sequence. Theorem 7.4. If Q is a quiver of finite mutation type, then Q has a maximal green sequence unless it arises from a triangulation of a once-punctured closed surface, or is one of the two quivers in the mutation class of X 7 .
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